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This note is a continuation of [I], and also treats rather formal properties 
of finite multiply transitive permutation groups with relatively high multiple 
transitivity. 
The main aim of this note is, roughly speaking, to show that the following 
assertion holds: 
Let G be a nontrivial t-ply transitive permutation group of degree n. If the 
stabilizer of t points in G has an orbit of length m on the remaining n - t 
points, then t must be bounded by a certain (explicit) function depending 
only on m. 
If m = 1, then we obtain that t < 6, because it was proved by 
H. Nagao ([9]) that S, , A, and Ml, are the only 4-ply transitive permutation 
groups whose stabilizer of 4 points has some additional fixed points, and it is 
easily seen that M,, has no successive two times transitive extensions. 
If m > 2, then we obtain that t < p2, wherep is the smallest prime which 
is strictly greater than m. This is shown in Section 2 as Theorem 2. 
In Section 1, we prove Theorem 1, which is an extension of Theorem in [I] 
and at the same time is an odd prime analogue of a result of T. Oyama 
([I 1, Theorem 11). Theorem 1 seems to be of a rather technical nature, but 
it has some important applications, especially it plays an essential role in our 
proof of Theorem 2. 
Another application of Theorem 1 is shown in Section 3, where we give an 
alternative (shortened) proof for some part of the proof of Main Theorem 
in [3], i.e., the determination of Zp-ply transitive permutation groups whose 
stabilizer of 2p points is of order prime to p. (See also Miyamoto [S] and 
Bannai [2, 31.) 
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The notation used in this paper will be standard. Let Q = {I, 2,.,., z> 
be a set and E be a subset of L?. If G is a permutation group on 
denotes the pointwise stabilizer of 2 in G. When .E = (il I i, ,..., Q, we also 
denote GX b Gil,iz ,... 9ik . If Z is fixed as a whole by G, Gz denotes the 
permutation group G (restricted) on 2. 
1. THEOREM 1 
The purpose of this section is to prove the following: 
THEOREM 1. Let p be an odd prime. Let G be a (not Izecessarily transitive) 
permutation group on a set .Q = {I, 2,..., 72) which sati#ies the folbwiazg 
condition (a) : 
(a> For any (distinct) p2 elements il , iz ,..., i,s of Q, a Sytow p subgroup P 
of the stabilizer in G of the p2 points iI , iz ,.. ., ip2 is Izontrivial anHJixes $2 + Y 
points of9, and moreover P is semiregular on the set D - I(-%“) of the yemai~ing 
n - p2 - r points, where 2, is independeent of the choice of il , ig ,.L., i,% and 
o<v,<p-1. 
Thelz n = p2 + p + Y, and one of the following three cases holds: 
(1) There exists an orbit Sz, of G such that ] Q - Q, / < T arzd GR1 > Aan 
(= the alternating group on Sz,). Moreover, (Ga-Q21)Q1 > A% 
(2) Y = p - 1, and G has just two orbits fz, and -Qz (with / Q, j 3 
/ B, / > p) such that Gsl 3 A% Moreover (CD,)*1 > AQ a& 682 ~sp~,~mitive 
and contaim an element of a p cycle (therefore GD2 > AD2 q j 4, / 3 p + 3). 
(3) Y = p - 1, and G is imprimitive on S with just two blocks !Z!, and Sz, 
(of the system of imprimitivity). Moreover, (GQ,)@ > Agz and (G/J”1 > kQr. 
The following two corollaries are quite obvious from Theorem I. 
CORoLLhRY I .I. Let G satisfy the assumption of Theorem 1. Then ,ck has 
a subset SL, such that 19, / >, 1 Q - Q, / and (G,-, )“I 3 A% Moreover, 
<f we replace n by n + s andpz by $3 + s &a the assumptiok of Theorem I (where s 
is an integer 2 0), then we also conclude that n + s = p2 + p + Y + s and that 
Sz has a subset at, such that 1 Sz, j > j 8 - 52, 1 am3 (G:,-Q’1 > A% 
COROLLARY 1.2. Let G satisfy the assumption of Theorem I. The% there 
exists a set of pz elements ix , iz ,..., i,s of Q such that the stabilizer qf those 
p2 elements 6-z G is transitive on 8 - (i1 , i2 ,.l~, ip2), 
Proof of Theorem 1. We proceed as in 113. We first show that n < 2~2 + 1. 
Now, there exists an element a of order p of G such that I I(a)I = p’ +- Y, 
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where I(a) denotes the set of the points of Q which are fixed by the element a. 
Let us take p points, say 01~ ,..., 01~ , frcm I(a). Let (oI~+~ ,..., as,) be a p cycle 
of a. Then there exists an element b of order p of the stabilizer 
(44 - (01~ ,..., 4) u Iu,+~ ,.-, as,} in G such that b is commutative with a. 
(Note that a normalizes at least one Sylow p subgroup of the stabilizer.) 
Then, the subgroup (a, b) generated by a and b contains p2 - p + P orbits 
of length 1 and at most p + 1 orbits of length p, and some orbits of length pa. 
If there exists an orbit of length pz, then quite the same argument as in [I] 
shows that there exists in G an element e of orderp such that j I(e)] > p2 + r. 
But this is a contradiction. Therefore, we proved n ,< 2p2 + Y. 
Now, we divide our proof of Theorem 1 into the following three cases: 
(I) G is intransitive on 9, and G has a union Z1 of orbits of G such 
that Y < 1 ,Z1 / < n - Y. (Here we may assume that 1 .Z1 1 > ] Q - .Zr I.) 
(II) G is intransitive on Q, and G has no union Zi of orbits of G such 
that Y < 1 Z; 1 < n - r. 
(III) G is transitive on 9. 
In the first place, let us assume that Case (I) holds. (Then we will show 
that conclusion (2) holds in this case.) Let us set Z2 = D - Z; . Then, 
ps 3 j ,X2 1 - (Y + 1) because n < 2p2 + Y. First we show that Y = p - 1. 
Otherwise, if we take 1 ,X2 1 - (Y + 1) points from Z2 arbitrarily and 
pa - (1 ,Z2 1 - (r + 1)) points from Z; arbitrarily, then a Sylow p subgroup 
of the stabilizer of the p2 points in G fixes at least r + 1 (< p) points, and 
this contradicts the assumption (a). Now, let us set / Z2 I = p - 1 + lp + j 
(0 <j<p- 1). Th en, by Lemma 6 of Livingston and Wager [7], 
Gxl is ([ Z; j - p)-ply transitive if I X1 / < p2 + p and Gzl is p2 - j 
(3 ps - p + 1)-ply transitive if I Z; / > p2 + p. Therefore, in any way, 
Gx1 3 API, because (2p2 + r)/2 < I .Zr j ,< 2p2 + Y (cf. Section 5, 5.71). 
Therefore, we have either (GzJzl > AX1 or I 2; j = j Z2 I, because the 
alternating group of degree I Zr I is not involved in GE2 if I Zr I > 1 Z2 I. 
If the first alternative holds, then the conclusion (2) holds by setting Qr = L; 
and 9, = Z2 . (Note that from the assumption (a), i.e., the semiregularity of P, 
we obtain that n = p2 + p + (p - l), and note that the rest of the assertion 
(2) is easily obtained.) If the first alternative does not hold, then 
GzX = Gzz = 1 and G is isomorphic (as an abstract group) to the symmetric 
or alternating group of degree I Z; I, and moreover both Gzl and Gz* are 
isomorphic as permutation groups to A -Q or A’% But this contradicts the 
assumption (a), that is, if we take suitably p2 elements from D then the 
stabilizer of those p2 points in G is of order prime top, a contradiction. Thus 
the consideration of Case (I) has been completed. 
This argument also immediately proves the following assertion (*): 
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(*) Letp be an odd prime. Let s be one of 1,2 and 3, or let s be 4 and p >, 5. 
Let G be a permutation group on a set S = (1, 2,..., rz - sj with 
n - s < 2p2 + r - s which satisfies the following condition (a’): 
(a’) For any (distinct) p2 - s elements i1 ) & ,..., z&+ of Q, a Sylow p 
subgroup P of the stabilizer in G of the p2 elements i1 I &, , . . . , i,+ is nontrivial 
and fixes p2 + r points of Sz and moreover P is semiregular on 52 - I(P), 
where r is independent of the choice of iI , i, ,..., i,~+ and 0 < Y < p - I. 
IfGhasaunion.XioforbitsofGsuchthat j Q) - (p - I) > j Zr / &p - 1 
andj~~~~~i-~2;~,thenr=p-land~SZ/ =~~+2p-l+-~,and 
moreover (G,-,rJ 3 A% 
Secondly, let us assume that Case (III) holds. (Then we will show that 
either the conclusion (1) or (3) holds.) Let us assume at first that Gi is 
intransitive on Q - (l>. If Gi has no union of orbits whose sum of lengths is 
> Y and < n - 1 - Y, then G is imprimitive from a theorem of Manning 
(Theorem 17.4 in [12]) because of 72 - Y > r2 (since Y < p - 1 and 
72 >p2 7 p + Y). Now, let A,, A, ,..., .Alc (with / Ai i < 1 + r < p) be a 
system of imprimitivity of G in Q. If we take p2 elements from ,Q in such a 
way that every Ai has at least one such point, then the stabilizer of the p2 
points of Q in G is of order prime top, and this contradicts the condition (a)* 
Next let us assume that Gi has a union -C, of orbits of G, (on Q - (1)) 
such that T < j Z; j < (PZ - 1) - Y. Then vve have Y = p - 1 by the 
assertion (*)* Now, G is imprimitive by a theorem of Jordan (Theorem 13.9 
in [12]), because G1 clearly contains an element of a p cycle (see the 
assertion (*))~ Since G is imprimitive, we have only the possibility that 
j .Zz j = j Q - Z; j + 1, and moreover we can easily see that the assertions 
of the conclusion (3) must hold. IIence, we have shown that either G is 
imprimitive (and the conclusion (3) holds) or G is doubly transitive on B. 
Kow, the same argument (cf. the assertion (*) and the preceding argument) 
shows that if G, is imprimitive (with just two blocks) or Gi is doubly transitive 
on D - (1). The first case G1 being imprimitive is impossible because in 
this case 6, contains an element of a p cycle, a contradiction. Thus, if G i.s 
doubly transitive, then G becomes triply transitive on .Q. The same argument 
shows furthermore that G must be 4-ply transitive on &?. If p = 3, then 
G > A”, because nontrivial 4-ply transitive permutation groups of degree 
< 2 .32 i (3 - 1) = 20 are classified and they do not satisfy the assumption 
(a)- If p > 5, then, by the same argument as before, we obtain moreover 
the S-ply transitivity of G on Q. Since the minimal degree u of 
< p2 and the degree of G is u + pa + Y, we obtain that Go 3 A” by a. 
result of Bochert (Theorem 15.1 in [12]). (Note that if Y = 0, then clearly 
G” >, Ao by applying Lemma 6 of Livingston and Wagner [7].) Moreover, 
we have n = p2 + p + Y from the semiregularity of P. 
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Thirdly let us assume that Case (II) holds. If we denote by Z; the (unique) 
orbit of maximal length, then [ Z1 [ = [ Q j - (p - 1) and GZ1 satisfies the 
assumption (a). From the fact that Y = p - 1 if the conclusion (3) holds, 
we may assume that GZ1 > A% Moreover, since j Zr 1 > p - 1 3 j D - Z; /, 
we immediately obtain that (Go-r,)zl > A-Q. From the semiregularity of P, 
we have n = p2 + p + r. Thus it follows that the conclusion (1) holds. 
Thus we have completed the proof of Theorem 1 and obviously the proof 
of two corollaries. 
2. THEOREM 2 
The purpose of this section is to prove the following: 
THEOREM 2. Let m be an integer > 2. Let p be the smallest prime number 
which is strictly greater than m. If t > p2, then there exists no t-ply transitive 
permutation group G on a set Q = (1, 2,..., n) which satisfies the following 
two conditions (i) and (ii): 
(i) G does not contain ASa, and 
(9 %2,...,t has at least one orbit of length < m on Sz - (1,2,..., t>. 
Remark. As we have already remarked in the Introduction, the case m = 1 
was treated by Nagao [9]. 
Proof of Theorem 2. We will drive a contradiction by assuming that there 
exists a p2-ply transitive permutation group G which satisfies the two 
conditions (i) and (ii) (with t = p”) of Theorem 2. Let P be a Sylow p 
subgroup of Gr 2 , ,...,1) 2 . Then j I(P)/ = p2 + Y with 0 < r < p - 1 from 
a result of Miyamoto [8, Theorem] (cf. [3, Main Theorem]), because from 
the lemma of Witt NG(P)ICp) is a ps-ply transitive permutation group whose 
stabilizer ofp2 points is of order prime top. Let d be an orbit of P on Q - I(P) 
of minimal length. Let t be a point of d. Now, by the argument discovered 
by Oyama ([IO, Lemma l]), No(P,) Icpt) satisfies the assumption (a) of 
Theorem 1. Thus 1 I( = p2 + p + Y, and from Corollary 1.2, there exist 
some p2 elements i1 , i2 ,... , is4 of I(P,) such that the stabilizer in N,(P,) of the 
p2 elements ir , iz ,..., i+ is transitive on l(Pt) - {ir , i2 ,..., i92}. 
This implies that the stabilizer in N,(P,) of the pa points il , iz ,.,., iDz 
(hence the stabilizer of those p2 elements in G) has no orbits of length 
< m (< p) on Q - (il , i2 ,..., &}. But, this is a contradiction. Thus we have 
completed the proof of Theorem 2. 
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3. 2p-pLy TRANSITIVE PERMUTATION GwsuPs 
e first prove the following proposition which is an easy consequence of 
Theorem 1. 
PROPOSITION 3.1. Let p and q be odd primes such that q2 < 2p. Then there 
exists no 2p-ply transitive permutation group G on a set Q = { 1, 2,..., %j 
which satisfies the following two conditions (i) and (i;): 
(1) T-2 Es 0, l,..., or q - 1 (modp), and G & irz”, and 
(ii) the order of Gl,2,...,2p is prime top. 
Proof of Proposition 3.1. Let Q be a Sylow q subgroup of Gz,2,...,2R,. 
Let t be a point belonging to a minimal orbit of Q on Sz -P(Q). Then, by 
the argument of Oyama [lo, Lemma I], N,(PJrcQt) satisfies the two 
conditions (i) and (ii) of Corollary 1.1 (with s = 2~ - q) for the prime 
(cf. [g]). Therefore, 1 I(QJ] = 2p + q + r (with 0 < r < q - I)% and by 
Corollary 1.1 .NG(Qt) (h ence G) contains an element of order a power of p 
which fixes more than p + q points. But this clearly contradicts the 
assumptions (i) and (ii). Thus we have completed the proof Proposition 3.1. 
Now, we will show an alternative way of completing the proof of Main 
Theorem in [3]. 
The case where the order of G,,s,.-.,, is not divisible by p2 was completely 
treated by Miyamoto [8, Section 11. And so, here we consider only the 
remaining case where the order of G,,,,...,, is divisible by@. The proof given 
in [2 and 31 will be enough elementary for p = 3, because the proof of the 
fact that A, is not involved in GL(3, 3) is immediately obtained. Therefore, 
in the rest we consider only the case p >, 5. Now, we can immediately see 
that in order to complete the proof of Main Theorem in [3], it is sufhcient 
to prove the following proposition. The statement of the proposition is a 
little weaker than that of Theorem 1 in [Z], but the proof of it presented 
here will be far more concise than that of Theorem 9 in [2]. 
ROPOSITION 3.2. Let p be an odd prime > 5. Then there exists no perjwu- 
tation group G on a set Q = {l, 2,..., n> which safis$es the fo~~o~~~g thee 
conditions: 
(i) G is (p + 3)-ply transitive, and 1z = 3 (modp), 
(ii) a Sylow p subgroup PO of GI,2,...,,f3 is semiregular on D _ 
(I, 2 ,..., p +- 31, and 
(iii) j p, 1 3 p2. 
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Proof of Proposition 3.2. Let us assume that G satisfies the above three 
conditions of Proposition 3.2, and we will lead a contradiction. Now, we may 
assume that there exists an element a of order p such that 
a = (L..., P>(P + 1) ... (2P)(2P + 1)(2P + 2)(2P + 3) ***. 
Then, there exists a Sylow P subgroup P,, of G 9+1,...,29,29f1,29f2,22113 which is 
normalized by the element a. Then / Cp,(a)l = p, and so P = (a, P,,) is a 
Sylowp subgroup of G and is ap group of maximal class (and of order > p”). 
Now, by the lemma of Witt, 
N,(p)(2~;1,2~+2,29+3} = S, 
and 
N&‘oY ~+1,...,2~,2~+1,2~+2,29+3) = S,,, . 
We first treat the case [ P, j = pz separately. Then, since A,,, is not involved 
in GL(2, p), we obtain that (cf. [2]) 
CG(po)‘“+’ I..., 2~,2~+1,2~+2,2~+3} 2 A,,, . 
But, this contradicts the fact that P is ap group of maximal class. Thus, from 
now on, we assume that 1 P,, / > p3 (i.e., / P 1 > P”). Since P is ap group of 
maximal class and of order > p”, P has a chain of characteristic subgroups 
y,(P) (i = 0, I,..., k) such that y,,(P) = P, ye(P) = 1 and j yi(P)/yi+,(P)j = p 
(i = 0, l,..., k - 1) (cf. Huppert [6, Kapital III, Hilfssatz 14.41). Therefore, 
S, is not involved in Aut(P), because we are assuming p > 5 (cf. Gorenstein 
[4, Section 5.31.) Therefore, CG(P)(2P+1,2P+2,2P+3J > A, . Hence, there exists 
an element x of C,(P,) (> C,(P)) such that x(~P+~,~P+~,~P+~) is a nontrivial 
element. Thus, x{~P+~,~P+~,~~+~,~,~,...,P) # 1. Therefore 7 
G(PllY 2~+1,2~+2,2~+3.1,2,...,~} 3 A,+, , 
because nontrivial normal subgroup of S,,, contains Ag+3 . But, this 
contradicts the fact that P is a p group of maximal class. Thus, we have 
completed the proof of Proposition 3.2. 
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